Wavelets encode data at multiple resolutions, which in a wavelet description of a quantum field theory, allows for fields to carry, in addition to space-time coördinates, an extra dimension: scale. A recently introduced Exact Holographic Mapping [C.H. Lee and X.-L. Qi, Phys. Rev. B 93, 035112 (2016)] uses the Haar wavelet basis to represent the free Dirac fermionic quantum field theory (QFT) at multiple renormalization scales thereby inducing an emergent bulk geometry in one higher dimension. This construction is, in fact, generic and we show how higher families of Daubechies wavelet transforms of 1 + 1 dimensional scalar bosonic QFT generate a bulk description with a variable rate of renormalization flow. In the massless case, where the boundary is described by conformal field theory, the bulk correlations decay with distance consistent with an Anti-de-Sitter space (AdS 3 ) metric whose radius of curvature depends on the wavelet family used. We propose an experimental demonstration of the bulk/boundary correspondence via a digital quantum simulation using Gaussian operations on a set of quantum harmonic oscillator modes.
Wavelets encode data at multiple resolutions, which in a wavelet description of a quantum field theory, allows for fields to carry, in addition to space-time coördinates, an extra dimension: scale. A recently introduced Exact Holographic Mapping [C.H. Lee and X.-L. Qi, Phys. Rev. B 93, 035112 (2016)] uses the Haar wavelet basis to represent the free Dirac fermionic quantum field theory (QFT) at multiple renormalization scales thereby inducing an emergent bulk geometry in one higher dimension. This construction is, in fact, generic and we show how higher families of Daubechies wavelet transforms of 1 + 1 dimensional scalar bosonic QFT generate a bulk description with a variable rate of renormalization flow. In the massless case, where the boundary is described by conformal field theory, the bulk correlations decay with distance consistent with an Anti-de-Sitter space (AdS 3 ) metric whose radius of curvature depends on the wavelet family used. We propose an experimental demonstration of the bulk/boundary correspondence via a digital quantum simulation using Gaussian operations on a set of quantum harmonic oscillator modes.
I. INTRODUCTION
The holographic principle asserts that spacetime may be like a hologram: information contained within the volume of spacetime can be encoded on the boundary of that spacetime [1] [2] [3] . This heuristic principle has been used with much success in the study of black hole thermodynamics and quantum gravity, and has been precisely formulated as holographic dualities, in particular, the Anti-de-Sitter space/conformal field theory (AdS/CFT) correspondence [4] .
A holographic duality (e.g., the AdS/CFT correspondence) is a duality or equivalence between a theory with gravity and a theory without gravity that are seen to live in the bulk and at the boundary of a spacetime manifold respectively. The extra dimension (that generates the bulk) corresponds to energy scale of the boundary theory, and the gravitational dynamics in the bulk generalize the renormalization group flow equations of the boundary. A characteristic prediction of the holographic principle is the existence of correlated noise in the measured positions of massive bodies, though experimental evidence so far is negative [5] .
Recently, Qi et al. proposed a concrete implementation of such a bulk/boundary correspondence. Their proposal, called the Exact Holographic Mapping (EHM) [6, 7] , maps the (boundary) theory of a Dirac fermion descretized on a lattice to a bulk theory with the same number of degrees of freedom (DOFs) as the boundary, but using wavelet and scale field mode operators which carry a spatial position index as well as a scale index. They used Haar wavelets, which is the K = 1 family of Daubechies wavelets [8] . This EHM of the fermionic theory demonstrates some key features of holographic duality such as an emergent geometry in bulk-as inferred from the scaling of correlations between bulk wavelet DOFs-that depends on the boundary theory. In this way, the authors were able to demonstrate the emergence of a bulk AdS geometry from a CFT on the boundary, the emergence of a flat metric from a massive boundary quantum field theory (QFT), and some features of black hole physics in the bulk for the case of a thermal CFT at the boundary.
In this work, we show that the EHM extends to an entire class of wavelet transformations. We do this by analyzing the Daubechies K wavelet families for K ≥ 3. Here the K index refers to the number of vanishing moments of the constituent scale and wavelet functions. A larger index encodes a function more accurately at the cost of increased computational effort. We show how this feature translates to changing the scaling of correlations in the bulk description of a boundary QFT such that larger K provides faster renormalization of the theory, at the expense of a linear increase in the interaction neighborhood for each renormalization step. Furthermore, using K ≥ 3 ensures that the derivative couplings can be captured exactly up to the cutoff scale since the wavelet and scale functions then have continuous first derivatives. We conclude the introduction by remarking that the wavelet approach bears interesting connections with implementations [6, 9] of the holographic principle in the tensor network formalism. As noted in Ref. [6] , the Haar wavelet transform can be described as a tree tensor network-a set of tensors (multi-linear transformations) that are contracted according to a tree graph. In this description, a tensor at a given renormalization layer (radius) takes as input two nearest neighbor fields and outputs a short range wavelet field and a longer range (coarse grained) scale field used as input to the next stage of renormalization. In this work, we generalize to Daubechies K wavelet families, which go beyond tree tensor networks and are closer in spirit to tensor networks with loops such as the Multi-Scale Renomalization Ansatz (MERA) [10, 11] (of which, a tree tensor network is a special case corresponding to fixing some of the MERA tensors to the identity). In fact, in Ref. [12] , the authors establish a precise way to describe various wavelet transforms as MERA tensor networks.
The plan of the paper is as follows. We begin with a brief introduction to the basics of the wavelets functional basis in Sec. II and why it is a natural one for holographic encoding. In Sec. III we describe the bulk and boundary Hamiltonians for free scalar bosonic QFT. Sec. IV presents the main results given the details of the bulk/boundary correspondence and the shape of the emergent bulk geometry. 
II. THE WAVELET BASIS
Wavelets constitute an orthonomal basis for the Hilbert space L 2 (R), square integrable functions on the line, and we briefly review some of their properties here. For a comprehensive survey see Ref. [13] . Generically, wavelets are defined in terms of a mother wavelet function w(x) and a father scaling function s(x) by taking linear combinations of shifts and rescalings thereof. For the remainder we focus on one family known as Daubechies K -wavelets where the role of the integer K will be described below. First we introduce two unitary operators on L 2 (R): T for discrete translation and D for scaling defined by the action on a function f ∈ L 2 (R):
The father scaling function s(x) is a solution to the linear renormalisation group equation
which performs block averaging followed by rescaling. The 2K real coefficients {h n } are computed analytically for K < 4
and are solved for numerically otherwise. For convenience, we choose language such that scale refers to a number r ∈ N which describes features at a resolution 2 −r in some natural units, and higher(lower) scale means larger(smaller) r. Given the solution to s(x), higher scaling functions are defined by applying n unit translations followed by k scaling transformations on the father:
The scaling functions are normalised so that
The mother wavelet w(x) and the father s(x) have the property that they are neither localised in position or momentum. The wavelets take the following form:
where the set of coefficients {g n } are obtained from {h n } by reversing the order and alternating signs: g n = (−1) n h 2K −1−n (see Appendix D). Scale k wavelets are obtained by translating and scaling the mother: The index K specifies the number of vanishing moments of the wavelets, i.e.
The vanishing of the zeroth moment guarantees that the wavelet basis is square integrable [13] . Choosing larger K means more features can be captured at a given scale, however at the expense of additional computational cost since more translations are needed during block averaging. Daubechies wavelets are optimal in the sense that they have the smallest size support for a given number of vanishing moments [13] . The basis functions s k n (x) and w k n (x) have support on [2 −k n, 2 −k (n+2K −1)] and satisfy the following orthonormality relations:
By the last relation, the wavelets constitute normalised wave functions. The scaling functions at scale 2 −k are complete in that
A final important property of the Daubechies K -wavelets is that they are K − 2 times differentiable. A plot of three of the the scale and wavelet functions families is shown in Fig. 1 . The connection between holography and wavelets arises from the scale dependent representation of fields. In a wavelet family basis, linear superpositions of scale functions {s r m (x)} ∞ m=−∞ (with square summable coefficients) span a subspace H r of L 2 (R). This is a proper subspace of the higher scale space H r ⊂ H r+ j ( j > 0). Linear combinations of the scale r wavelet functions {w r m (x)} ∞ m=−∞ span the orthocomplement, W r , of H r in H r+1 : H r+1 = H r ⊕ W r . We can use a set of scaling functions {s r m (x)} ∞ m=−∞ to represent features at scale r and a set of wavelets {w r m (x)} ∞ m=−∞ to represent features at scale r + 1 that cannot be represented at scale r. The whole space has the following decomposition satisfied for any finite r:
meaning that for a fixed scale r the set
span a basis for L 2 (R) [13] .
In particular, if one introduces a scale cutoff n, then
What this means is that the Hilbert space of functions spanned by scale fields at scale n is isomorphic to the Hilbert space spanned by wavelet functions at all lower scales together with scale functions at the coarsest scale. We will identify the Hilbert space H n as characterizing the Hilbert space of quantum fields with a UV cutoff momentum p 2 n /L, where L is the length of the system in units of distance at the coarsest scale. We will call the degrees of freedom (DOFs) 
III. 1+1 D SCALAR BOSONIC QFT
To illustrate the connection between holography and wavelets we study scalar bosonic free field theory in one spatial dimension. The Hamiltonian for this QFT is:
and the canonical momentum iŝ
which together with the fieldΦ(x,t) is normalised to satisfy the equal time commutation relation [Φ(x,t),Π(y,t)] = iδ(x − y) (h ≡ 1). Here the phase velocity of waves in this theory is set so that the speed of light is 1 and the bare mass is m 0 . We will focus on a system of size V with periodic boundaries such thatΦ(x + V,t) =Φ(x,t). This choice obviates the need to define special boundary wavelets and allows us to make a connection to geometry in the bulk even for systems with finite numbers of DOFs. The HamiltonianĤ is diagonalized with the normal mode operatorsâ
The fields operators are then (henceforth we suppress the time dependence)
where the dispersion relation is ω(k n ) = m 2 0 + k 2 n . The ground state field-field and momentum/momentum correlations are obtained by Fourier transform (see e.g. [14] )
In the limit V → ∞ the continuum correlations in the massless (m 0 = 0) phase are:
In the massive (m 0 > 0) phase:
where K 0 and K 1 are modified Bessel functions of the second kind. There are two distinct limiting behaviours of correlations in the massive phase. For |x − y| m
whereas for |x − y| m
where γ is the Euler gamma constant.
A. Decomposition in a wavelet basis
The field and its conjugate can be expressed in a discrete wavelet family basis by projections onto the scaling and wavelet functions (here r ≥ 0):
As a consequence of the orthonormality relations in Eq. 7, the fields obey the following equal time commutation relations (assuming here that 0 ≤ r, s):
The boundary Hamiltonian on a system with a UV cutoff scale n with V = L2 n modes is [15, 16] :
where :Ô : indicates normal ordering of the operatorÔ is taken. The bulk Hamiltonian is a sum of three terms involving coupling of scale/scale DOFs, scale/wavelet DOFs, and wavelet/wavelet DOFs [15, 16] :
wherê
The coupling coefficients are
These can be computed systematically as described in Appendix D 1. For wavelet family K , the smallest size admissible with periodic boundaries is L = 2(2K − 1) in order to ensure the scale and wavelet functions at the coarsest scale are orthonormal. As described in Appendix A, the boundary Hamiltonian can be diagonalized asĤ
with normal mode operatorsâ j =
In the massless case there is a boundary zero mode forĤ bd defined by the mode operator:â [s]n (0). The ground state is the unique state that satisfiesâ [s] 
The bulk Hamiltonian can similarly be diagonalized aŝ
where the eigenenergies are the same as for the boundary and the normal mode operators are sums of operators that act on scale and wavelet DOFs. The bulk normal modes arễ
where the vector of bulk annihilation operators iŝ
and M bk is an orthogonal wavelet transform matrix defined in Sec. V. In the massless phase, the zero mode in the bulk is a wavelet transformation of the zero mode on the boundary, which in turn is a uniform superposition of localized modes. The wavelet transform of any uniform vector has support only on the coarsest scale DOFs, and using that fact together with translational invariance of the zero mode, we have the expression for the bulk zero mode:
[s]0 (m).
IV. BULK/BOUNDARY CORRESPONDENCE IN THE GROUND STATE
We want to compare the properties of the ground state |G bk ofĤ bk to the ground state |G bd ofĤ bd . The ground state ρ of a quadratic bosonic Hamiltonian on V modes is completely described by the covariance matrix:
Here r j is the expectation value of j-th component of a 2V dimensional vector of field operators and their conjugate momenta. For the scalar bosonic theory, the means are zero so
For the boundary HamiltonianĤ bd , the ground state covariance matrix is
, expressed in the basis given by components of the vector
Here the boundary couplings are
Similarly, for the bulk Hamiltonian,Ĥ bk , the ground state covariance matrix is [15] 
expressed in the basis given by components of the vector
(33) The bulk couplings are:
(34) The scale-scale mode couplings are encoded in K ss , the scalewavelet couplings in K sw and the wavelet-wavelet couplings in K ww . These matrices are:
Note that any local operator on the bulk can be written as a superposition of field operators on the boundary:
where for 0 ≤ r < n,
Then correlation functions on the boundary can be expressed in terms of O(n) correlations in the bulk:
(37) We also want to compute the scaling of two point correlations in the bulk. This can be done by calculating correlations on the wavelet DOFs only: whereÂ andB are local wavelet mode operators. The bulk correlations can be calculated as follows. For 0 ≤ r < n, define
For n r, the overlap integral effectively samples the wavelet at the location of the scale field, i.e. f n,r, j,m ≈ dxw r j (x)s n m (x) = 2 −n/2 w r j (x), wherex = 2 −n m is the approximate location of the peak of the scale field s n m . Hence, for n r, the overlap coefficients can be expressed as follows:
The correlator can be written for 0 ≤ r, r < n as:
(40) Here we have used the property: w r 0 (x) = 2 r/2 w 0 0 (x × 2 r ). To find the boundary correlations we need to find the ground state of the boundary HamiltonianĤ bd (see Appendix A). When the number of modes is very large, the correlations in the ground state approach the continuum values: Eqs. 14,15. 
A. Massless case
The bulk correlations can be computed from the boundary correlations. As derived in Appendix B 1, the same scale bulk correlations for separation j > 2K − 1 and deep in the bulk are
where
and x K w is the K th moment of the wavelet w 0 0 (x). Similarly, the momentum-momentum correlations are
For example, using the wavelet moments calculated in Appendix D 2:
04. This fits the numerically calculated correlations in Fig. 3 quite well. Additionally we find for self correlations
and 
Mutual Information
The mutual information between two bulk DOFs is given by I((r, j), (r , j )) = S(ρ (r, j) ) + S(ρ (r , j ) ) − S(ρ (r, j),(r , j ) ), (46) where the von Neumann entropy S(ρ A ) of a subsystem A is calculated as follows. First obtain the reduced covariance matrix Γ A by deleting the columns and rows of modes not contained in A from the full covariance matrix Γ. Next compute the symplectic spectrum, which are the eigenvalues of the matrix iΓ A Ω where Ω is the symplectic form
written the basis {Φ 1 , . . . ,Φ n A ,Π 1 , . . . ,Π n A } of the n A modes of system A. These eigenvalues come in positive and negative pairs {±σ i }. Taking the positive values, the entropy in bits is
From the derived values for the same scale correlations, we find the positive symplectic eigenvalues for the subsystem pair of sites A = {(r, 0), (r, j)}
while for the single mode subsystem A = {(r, 0)}, the positive symplectic eigenvalue is
To leading order in 1/ j, for j > 2K − 1, the mutual information between bulk sites at the same scale r is
the K dependence arising since b is a function of K . Here the single site entropy S 0 is
(49) By translational invariance, deep in the bulk, S 0 is the same at any position.
Computing the radius of curvature
Following Ref. [6] , we make the ansatz that the mutual information falls off exponentially with the distance between two bulk modes in the AdS 3 metric, i.e. I((r, 0), (r, j)) = S 0 e −d g ((r,0),(r, j)/ξ θ with geodesic distance d g ((r, 0), (r, j)) = 2R ln j R , and ξ θ a correlation length. The multiplicative constant S 0 is used since for zero separation, the mutual information is just the single site entropy. Taking logarithms of the mutual information,
Hence the correlation length is
and the the radius of curvature is
Calculating the wavelet moments, for K ≥ 3 we find
≈ 0.319K − 0.357.
As described in Sec. IV A, the values appearing in the self correlators are a = 3.18 and b = 0.75/K 2 + 0.16/K + 1.24, yielding wavelets can be implemented using a circuit of nearest neighbour mode couplings repeated K times [17] . This can explains why the radius of curvature is linear in K since one may view each renormalization step for large K wavelets as a linear in K sequence of number of nearest neighbour circuits implementing K = 2 (e.g. Haar) wavelet transformations.
Temporal Correlations
To probe correlations in the time direction of the emergent bulk geometry we consider correlators of the form
where T is the time ordering operator. For simplicity we work in imaginary time, τ → iτ, and consider the Green's function at the same point in space. For τ > 2 n−r (2K − 1), we find (see Appendix B 1 b),
As before, we make the ansatz Câ ,â † ((r, j, τ), (r, j, 0)) = C 0 e −d g ((r, j,τ),(r, j,0))/ξ τ where ξ τ is a temporal correlation length and the geodesic distance is approximately d g ((r, j, τ), (r, 0, 0)) = 2R ln τ2 r−n R (see Appendix C) . This approximation is valid when 2 n L τ 2 n−r R. Taking logarithms we find
From the τ dependent term we find the correlation length
Note this is larger than same scale spatial correlation length Eq. 50.
Central Charge
The bulk/boundary correspondence also allows for computing properties which depend on long range entanglement properties, such as the central charge c, which for the bosonic CFT is c = 1. The boundary central charge can be obtained from the purity of a subsystem A on the boundary consisting of an interval of modes [18] :
where V is the total number of modes on the boundary (with periodic boundary conditions), C is a constant and ε is an ultraviolet cutoff size. For Gaussian states, the purity of a subsystem consisting of modes is 
Since the elements of the covariance matrix consist of boundary correlations this data can be obtained from bulk correlations using Eq. 37. Computing the central charge as per Eq. 57 for the massless boundary CFT at scale n = 7 and L = 10, with a total number of modes V = L×2 n = 1280, we find for region sizes 2 = 2 1 = 6, that c = 0.997.
B. Massive Case
For m 0 2 n−r 1, the same scale field/field correlation deep in the bulk and for separations j 2K − 1 is (see Appendix B 2)
CΦ
,Φ ((r, 0), (r, j)) ≈ − 2 n−r e − jm √ j8πm e 
Similarly, the momentum/momentum field correlator is This is consistent with the view that the boundary DOFs are renormalized over n − r dyadic steps to the wavelet DOFs at the scale r.
V. CIRCUIT CONSTRUCTIONS OF THE BULK AND BOUNDARY STATES A. Ground states
The boundary ground state is obtained by a unitary transformation on the V mode vacuum state:
This mapping is described by a symplectic transformation on the initially decoupled position and momentum mode operators:r r r bd → Y bdr r r bd . The initial vacuum correlation functions are described by a covariance matrix proportional to the identity and the symplectric transformation acts on the correlation matrix as
Similarly for the bulk ground state, the transformation is
which corresponds to the symplectic transformationr r r bk → Y bkr r r bk , acting on the covariance matrix as
There is a canonical Bloch-Messiah decomposition for the unitariesÛ bd andÛ bk that can be written as one round of beam splitters and phase shifters, followed by parallel single mode squeezing, followed by a second round of beam splitters and phase shifters [19] . The decomposition is efficient, costing O(V 2 ) elementary operations. For the construction of the boundary state:
where the the single mode squeezing operations arê
with squeezing parameters
Here the d j are eigenenergies given in Eq. 25, and positive values of α perform momentum squeezing:Dq jD † = e α jq j , Dp jD † = e −α jp j . The unitaryR bd performs the linear trans-
, where where M bd is an orthogonal matrix that diagonalizes K bd . Specifically, we can take (assuming V even)
Similarly, for the bulk state construction:
The unitaryR bk performs the linear transformation:
, where M bk is the orthogonal wavelet transformation that diagonalizes K bk . These Squeezing parameters α j from Eq. 62 for constructing ground states in the massless case (blue) and massive m 0 = 1 case (yellow). For this sized system, the maximum momentum squeezing on a mode in the massless case is 7.03 dB (using #dB = 20α log 10 (e)).
transformed operators define the bulk normal modesb j introduced in Eq. 27. In the massless case, there is a free mode with energy d 0 = 0 which, since it is completely delocalized, requires an infinite amount of squeezing. However, in the wavelet basis this mode is mapped to the IR fixed point at the coarsest scale DOFs and is decoupled from the wavelet DOFs. 
B. Thermal states
The same protocol can be used to prepare thermal bulk and boundary states. A thermal state of the scalar bosonic QFT at temperature 1/β is described by a Gaussian state both on the bulk and on the boundary. The covariance matrices assume a simple form (see e.g. [20] ) on the boundary .
In the limit β → ∞ these approach the ground state covariance matrices. The method to construct thermal states is very similar to that for ground states. The only difference is that rather than beginning in the vacuum state one should start in the separable thermal state with correlation matrix
Such a state can be prepared by initializing the system in a product state such that each mode j is prepared in a locally thermal state with temperature T j = (βd j ) −1 .
VI. IMPLEMETATIONS
The multimode Gaussian entangled states that are needed to demonstrate the bulk/boundary correspondence considered here can be prepared in a variety of engineered quantum systems. In continuous variable optical networks, large-scale Gaussian states encoded in either frequency modes [21, 22] or temporal modes [23] have been demonstrated, with the latter experiment realizing a 10000 mode Gaussian cluster state. Squeezing levels of ∼ 5dB are achievable with current technology [23] , and proof-of-principle experiments show squeezing of up to ∼10 dB [24] [23] .
Another available technology is circuit-QED setups using coupled arrays of microwave cavities [25] . Singlemode [26, 27] squeezing has already been demonstrated in these systems, and the SQUID-based controlling technology allows for very strong nonlinearities enabling high squeezing (∼13 dB) [28] .
A third candidate technology is cold trapped ions. In Ref. [29] it was shown how to perform universal bosonic simulators using an array of trapped ions where each ion is trapped in its own local potential. Single model squeezing and phase shifting operations can be done by dynamically changing local trapping potentials and beam splitter operators are enabled by making use of the Coulomb repulsion between neighboring ions brought together using time dependent pairwise potentials. Additionally, thermal motional state engineering of a single ion trapped in a harmonic well has been achieved by changing the detuning of the cooling laser [30] which would allow for preparation of thermal state QFT simulators. Large sized simulations can run into difficulties addressing individual modes with local gate operations. Fortunately, as shown in Ref. [31] , the entire simulation described here consisting of state preparation, evolution by the linear optical unitaries, and measurement of quadrature moments on each mode can be done without needing mode addressability and using translationally invariant single and nearest neighbour pairwise interactions between modes arranged on a line with open boundaries. The overhead for using translationally invariant operations is only linear in the number of modes.
VII. CONCLUSIONS
In summary, wavelets are a natural basis in which to study holographic duality in QFT. By way of the exact holographic mapping we have shown that ground states of 1 + 1 dimensional scalar bosonic QFT can be represented in a wavelet basis where each DOF carries space-time and scale coördi-nates. Correlations between the wavelet fields fall off exponentially with geodesic length where the metric is AdS 3 in the case of a massless boundary CFT and flat in the massive case. The boundary and bulk states arise as ground states of two body boundary or bulk Hamiltonians but they can also be constructed via a quantum circuit acting on a lattice of bosonic modes. The gate operations are Gaussian and the necessary amount of single mode squeezing grows logarithmically with system size meaning a proof of principle quantum simulation could be realized with engineered bosonic lattices. While properties of the bulk corresponding to boundary thermal states was not studied in this work such states are just as easily constructed by a quantum circuit.
There are several areas worthy of further investigation. First, we have only analysed the EHM for a single CFT with central charge c = 1, which is the same central charge for the free Dirac fermion studied in [6, 7] . In the pioneering work of Brown and Henneaux it was shown that gravitational theories in AdS 3 space of radius R are dual to 1 + 1 dimensional CFTs with central charge c = 3R/2G
N is the Newton's gravitational constant in three spacetime dimensions. While we make no claim that the bulk description described here is a theory of gravity in 2 + 1 dimensions, it would be worthwhile checking if there is a dependence of radius of curvature on central charge of the boundary CFT. Second, can the EHM provide useful insight for boundary gauge theories or interacting QFTs? It is possible to incorporate gauge fields with a wavelet decomposition as described in Refs. [16, 32] despite the fact that the basis functions are not strictly local and in Ref. [15] it was shown how interacting scalar bosonic QFT can be encoded in a wavelet basis and efficiently prepared and evolved on a quantum computer. Since the wavelet basis describes the state at multiple scales, this could be a useful means to infer properties of renormalization flow. Finally, can the wavelet description provide a better basis for tensor network descriptions of many body states or field theories? Recently, the wavelet transformation was used to construct the first analytic MERA [12] for a critical system, meaning components of the constituent tensors were analytically derived from properties of the boundary theory (and not obtained e.g. from a numerical optimization). On the other hand, it is likely that a wavelet basis independent description of the bulk geometry could be derived by viewing any wavelet family as constructed from a universal nearest neighbor circuit like the binary MERA circuit. Indeed, entirely new classes of wavelets can be constructed using MERA like quantum circuits [17] . Further investigations may reveal other interesting connections between the wavelet and tensor network descriptions (e.g., see Ref. 11) of quantum field theories.
V ×V matrix encoding the couplings in the boundary Hamiltonian can be written
j,k=0 e i2π jk/V | j k|: 
In the massless case the zero mode carries the annihiltion operatorâ [s]n (0). We define the ground state to be the unique state that satisfieŝ
The correlations in the ground state are
(A3) Numerically, we find that these correlations are well described by the continuum values in Eqs. 14,15 up to an additive constant that depends on mass and scale.
Similarly, the correlations in a thermal stateρ bd (β) at temperature
(A5) For large V the correlations on the boundary in the massless case for |m − m | > 2K − 1 are: where κ is a constant that depends on scale n and K . We will show below that this constant does not impact the relevant properties of the bulk. In the massive phase,
Temporal correlations are given by the boundary Green's function (time τ > 0):
At this point we make a Wick rotation to imaginary time τ → iτ. In the massless case, and in the continuum limit where d j = 2π j/V , and with τ 1 then
In the wavelet basis, we find numerically that the correlations are
(B1) Note, we have introduced a constant C to make the correlations finite at zero separation on the boundary, the final result will be independent of C. This equation assumes n − r 0 so let's write m2 r−n → x, and treat x as a continuous variable so that δm = 2 n−r dx and sums are replaced by integrals:
(B2) Now assume j > 2K − 1, i.e. focus on correlations longer range than the size of the wavelet modes, so that the integrals satisfy
Here we have defined the wavelet moments A method to calculate these moments is provided in Appendix D 2.
A similar calculation gives the momenta-momenta correlations:
Keeping only the dominant term, for j > 2K − 1,
Numerically we find the self correlation
Similarly, for the momentum-momentum correlations, for j > 2K − 1,
The self correlations can be written
The values a, b appearing in the self correlations can be calculated using Eq. 40 together with Eqs. A2,A3. By computing self correlations for 3 ≤ K ≤ 30 we find that a ≈ 3.18 independent of K , whereas b is fit by the function b ≈ 0.75/K 2 + 0.16K + 1.24. In order for the reduced covariance matrix of a single bulk site to describe a valid quantum state, it should satisfy the positivity condition
where Ω is the symplectic form from Eq. 47 (with n A = 1) and
It is readily verified that the computed functional form for the self correlations does satisfy positivity.
b. Temporal correlations
For simplicity, we consider temporal correlations at the same spatial point (r, 0). Following the same argument in Sec. B 1 a, Then following the same argument as that leading to Eq. 40 we find deep in the bulk
(B10) Using the boundary Green's function from Eq. A8, and assuming we are deep in the bulk so that we can approximate the sum by an integral as in Sec. B 1 a, and defining τ2 r−n =τ then
(B11) In the second line we have assumed that τ > 2 n−r (2K − 1) in order to perform the power series expansion. Keeping only the dominant term,
Massive case
In the massive phase, the boundary ground state satisfies
for m = (0, 1, . . . L2 n /2 − 1). As in Sec. IV A 2 we can compute the same scale bulk correlations CΦ ,Φ ((r, 0), (r, j)). Following the same argument that led to Eq. B3, and again assuming that j > 2K − 1, we find for the same scale correlations
For m 0 2 n−r 1, this simplifies to The momentum-momentum correlations on the other hand, in the same limitm 1, are: The metric of Euclidean AdS 3 space (with time coördinate t → iτ) is
where ρ ∈ R + is a radial coördinate, θ ∈ [0, 2π) is the angular coördinate, τ ∈ R, and R is the radius of curvature. On a time slice, the geodesic distance between two points at the same radius ρ is:
where in third line we have assumed that we are deep in the bulk and with sufficiently small radius of curvature so that ρ R and in the fifth line we have assumed we are considering angular separations |θ 1 − θ 2 | π. In our bulk description, fields localized at scale r and position m have AdS 3 coördi-nates (ρ = L2 r 2π , θ = m2π L2 r ), so the geodesic distance between these coördinates is
where R has the same dimensions as position m (we make them dimensionless). To find the geodesic distance between points at the same angle but different radii, first find the distance to the origin from a point at (ρ, θ) which is one half the distance computing using Eq. C2 with antipodal points θ 1 − θ 2 = π. This gives d g ((r, 0), (0, 0)) ≈ R ln[ 
where recall scale r is dimensionless. Finally, the geodesic distance can be computed between two events with the same spatial coördinates but separated in imaginary time by τ. The time coördinate in Euclidean AdS 3 must be rescaled according to τ → τ/ R 2 +V /((2π)) 2 where V is the size of the boundary, in order that the metric reduces to ds 2 = dτ 2 + ρ 2 dθ 2 at the boundary (ρ = V /2π). When this is done then for ρ R, τ V , and ρτ RV , 
In terms of the bulk geometry coördinates with boundary size V = L2 n then d g ((r, j, τ), (r, j, 0)) ≈ 2R ln τ2 n−r R . The overlap between derivatives of scale/scale functions is given by the coefficients D 
where D n, j,k = dxs 0 n (x)∂ x s 0 j (x) · ∂ x s 0 k (x). These coefficients are symmetric in the last two indices D n, j,k = D n,k, j and satisfy the following set of homogeneous equations 
Wavelet moments
The wavelet moments 
